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1 Introduction

This document presents the typing system of System FC, very closely to how it is implemented in GHC. Care
is taken to include only those checks that are actually written in the GHC code. It should be maintained
along with any changes to this type system.

Who will use this? Any implementer of GHC who wants to understand more about the type system can look
here to see the relationships among constructors and the different types used in the implementation of the
type system. Note that the type system here is quite different from that of Haskell—these are the details of
the internal language, only.

At the end of this document is a hypothetical operational semantics for GHC. It is hypothetical because
GHC does not strictly implement a concrete operational semantics anywhere in its code. While all the
typing rules can be traced back to lines of real code, the operational semantics do not, in general, have as
clear a provenance.

There are a number of details elided from this presentation. The goal of the formalism is to aid in reasoning
about type safety, and checks that do not work toward this goal were omitted. For example, various scoping
checks (other than basic context inclusion) appear in the GHC code but not here.

2 Grammar

2.1 Metavariables

We will use the following metavariables:

x Term-level variable names

«, B Type-level variable names

N Type-level constructor names

K Term-level data constructor names
M Axiom rule names

i, 7, k, a, b, ¢ Indices to be used in lists

2.2 Literals

Literals do not play a major role, so we leave them abstract:
lit = Literals, basicTypes/Literal.lhs:Literal

We also leave abstract the function basicTypes/Literal.lhs:1iteralType and the judgment coreSyn/CoreLint.lhs:1intTyLit
(written T' kyjie lit : ).

2.3 Variables

GHC uses the same datatype to represent term-level variables and type-level variables:

I This document was originally prepared by Richard Eisenberg (eir@cis.upenn.edu), but it should be maintained by anyone
who edits the functions or data structures mentioned in this file. Please feel free to contact Richard for more information.



Term or type name



| « Type-level name

| =z Term-level name
n, m n= Variable names, basicTypes/Var.lhs:Var
| 27 Name, labeled with type/kind

2.4 Expressions

The datatype that represents expressions:

e, u n= Expressions, coreSyn/CoreSyn.lhs:Expr
| n Variable
| it Literal
|  ee Application
|  An.e Abstraction
| let bindingin e Variable binding
| case eas nreturnr ofﬁtil Pattern match
| ey Cast
| €{tick} Internal note
| 7 Type
| Coercion

There are a few key invariants about expressions:

e The right-hand sides of all top-level and recursive lets must be of lifted type.

e The right-hand side of a non-recursive let and the argument of an application may be of unlifted type,
but only if the expression is ok-for-speculation. See #let_app_invariant# in coreSyn/CoreSyn.lhs.

e We allow a non-recursive let for bind a type variable.
e The . case for a case must come first.
e The list of case alternatives must be exhaustive.

e Types and coercions can only appear on the right-hand-side of an application.

Bindings for let statements:

n=e Non-recursive binding

binding BES Let-bindings, coreSyn/CoreSyn.lhs:Bind
|
\ Recursive binding

Case alternatives:

alt = Case alternative, coreSyn/CoreSyn.lhs:Alt
| Kn;* — e Constructor applied to fresh names

Constructors as used in patterns:

K n= Constructors used in patterns, coreSyn/CoreSyn.lhs:A1tCon
| K Data constructor
| it Literal (such as an integer or character)
| - Wildcard

Notes that can be inserted into the AST. We leave these abstract:
tick n= Internal notes, coreSyn/CoreSyn.lhs:Tickish



A program is just a list of bindings:

program BES _ A System FC program, coreSyn/CoreSyn.lhs:CoreProgram

| binding; List of bindings
2.5 Types

T, Ky, O = Types/kinds, types/TypeRep.lhs:Type
| n Variable
| T2 Application
| T7;" Application of type constructor
| T — Ty Function
|  Vn.or Polymorphism
| it Type-level literal

There are some invariants on types:

e The type 71 in the form 7 75 must not be a type constructor 7. It should be another application or a
type variable.

e The form T'7; % (TyConApp) does not need to be saturated.

e A saturated application of (—) 71 72 should be represented as 71 — 72. This is a different point in the
grammar, not just pretty-printing. The constructor for a saturated (—) is FunTy.

e A type-level literal is represented in GHC with a different datatype than a term-level literal, but we
are ignoring this distinction here.

2.6 Coercions

v = Coercions, types/Coercion.lhs:Coercion
| (), Reflexivity
| I;Wi Type constructor application
| Y1 Y2 Application
| Vn.oy Polymorphism
| n Variable
| C ind7;’ Axiom application
| T1 $, T2 Universal coercion
|  symy Symmetry
| Y1372 Transitivity
| uT Y Axiom-rule application (for type-nats)
| nth;y Projection (0-indexed)
| LorR~y Left /right projection
| A7 Type application
| sub~y Sub-role — convert nominal to representational

Invariants on coercions:
e (11 72), is used; never (11), (T2)y-
o If (T) PRt applied to some coercions, at least one of which is not reflexive, use 7, 7; ¢, never (T) P2

e The T in Taﬁi is never a type synonym, though it could be a type function.



Roles label what equality relation a coercion is a witness of. Nominal equality means that two types are
identical (have the same name); representational equality means that two types have the same representation
(introduced by newtypes); and phantom equality includes all types. See http://ghc.haskell.org/trac/
ghc/wiki/Roles for more background.

p n= Roles, types/CoAxiom.lhs:Role
| N Nominal
| R Representational
| P Phantom

Is it a left projection or a right projection?

LorR = left or right deconstructor, types/Coercion.lhs:Left0rRight
| left Left projection
| right Right projection
Axioms:
C = Axioms, types/TyCon.lhs:CoAxiom
| T, axBranch; ' Axiom
axBranch, b = Axiom branches, types/TyCon.lhs:CoAxBranch
| Vag,' (T ~ o) Axiom branch

The definition for azBranch above does not include the list of incompatible branches (field cab_incomps of
CoAxBranch), as that would unduly clutter this presentation. Instead, as the list of incompatible branches
can be computed at any time, it is checked for in the judgment no_conflict. See Section 4.16.

Axiom rules, produced by the type-nats solver:
I = CoAxiomRules, types/CoAxiom.lhs:CoAxiomRule
| M 573,01 Named rule, with parameter info
An axiom rule p = M; 53 pry is an axiom name M, with a type arity ¢, a list of roles ;Tjj for its coercion
parameters, and an output role p’. The definition within GHC also includes a field named coaxrProves which
computes the output coercion from a list of types and a list of coercions. This is elided in this presentation,

as we simply identify axiom rules by their names M. See also typecheck/TcTypeNats.lhs:mkBinAxiom and
typecheck/TcTypeNats.lhs:mkAxioml.

2.7 Type constructors

Type constructors in GHC contain lots of information. We leave most of it out for this formalism:

T Type constructors, types/TyCon.lhs:TyCon

| (=) Arrow

\ N* Named tycon: algebraic, tuples, and synonyms
| H Primitive tycon

| 'K Promoted data constructor

| 'T Promoted type constructor

We include some representative primitive type constructors. There are many more in prelude/TysPrim.lhs.

H Primitive type constructors, prelude/TysPrim.lhs:

| Ints Unboxed Int (intPrimTyCon)

| (~%) Unboxed equality (eqPrimTyCon)

| (~r#) Unboxed representational equality (eqReprPrimTyCon)
| O Sort of kinds (superKindTyCon)



* Kind of lifted types (LiftedTypeKindTyCon)

|
| # Kind of unlifted types (unliftedTypeKindTyCon)
| OpenKind Either * or # (openTypeKindTyCon)
| Constraint Constraint (constraintTyCon)
3 Contexts

The functions in coreSyn/CoreLint.lhs use the LintM monad. This monad contains a context with a set of
bound variables I'. The formalism treats I'" as an ordered list, but GHC uses a set as its representation.

r = List of bindings, coreSyn/CoreLint.lhs:LintM
| n Single binding
| I‘Tl Context concatenation

We assume the Barendregt variable convention that all new variables are fresh in the context. In the
implementation, of course, some work is done to guarantee this freshness. In particular, adding a new
type variable to the context sometimes requires creating a new, fresh variable name and then applying a
substitution. We elide these details in this formalism, but see types/Type.lhs:substTyVarBndr for details.

4 Typing judgments

The following functions are used from GHC. Their names are descriptive, and they are not formalized
here: types/TyCon.lhs:tyConKind, types/TyCon.lhs:tyConArity, basicTypes/DataCon.lhs:dataConTyCon,
types/TyCon.lhs:isNewTyCon, basicTypes/DataCon.lhs:dataConRepType.

4.1 Program consistency

Check the entire bindings list in a context including the whole list. We extract the actual variables (with
their types/kinds) from the bindings, check for duplicates, and then check each binding.

Forog Program | Program typing, coreSyn/CoreLint.lhs:1intCoreBindings

I' = vars_of bindingii
no_duplicates binding; ’

T tping binding;
bind gi PROG_COREBINDINGS

Forog Dinding; '

Here is the definition of vars_of , taken from coreSyn/CoreSyn.lhs:binders0f:

varsof n = e =n
varsof recn; = ¢,° =m;"

4.2 Binding consistency

T hping binding| Binding typing, coreSyn/CoreLint.lhs:1int bind

I Fbing m €

BINDING_NONREC
r |_bind n=e



Tk e
e 6
e ! BINDING_REC

I' g recm; = ¢;°

I Kping » < €| Single binding typing, coreSyn/CoreLint.lhs:1intSingleBinding

I'kme:T
I'k 27 ok
m; ' = fu(7)
m; € Pl

—————  SBINDING_SINGLEBINDING
I Feping 27 ¢

In the GHC source, this function contains a number of other checks, such as for strictness and exportability.
See the source code for further information.

4.3 Expression typing

Expression typing, coreSyn/CoreLint.lhs:1intCoreExpr
27 el
= (Fy st. T =7)

TM_VAR
I'kmaz™:7
T = literal Typelit
TMm_LiT
Ik lit: 7
I'kme:o
ko v:o~E
TEOTRT TM_CAST
I'kme>py:T
'k :
% TM,TICK
'k C{tick} * T
I"=T,a"
'k k ok
IV Kupst @™ — o ok
IMbmela®—o]:T
TM_LETTYKI

I'kmleta® =cine:



I’ Feing 27 < u
I'kyo:k

Izohkme:r
TM_LETNONREC

I'kmletze =uwine: 7

7" = inits (77 ')
[T Ky o, - /il-z_
no_duplicates Z;*
=T, %7

T Febind 27 < U;
IMbme:T

JE—
I'kn letrec ;% = u; ine: T

TM_LETREC

I'km e - Va7

'k, = o ok
subst & 7 TM_APPTYPE

I'hkm e1o0: T[a® — o]

(3T st. e =1)
I'kme:m — m

I'kme:T
tm 72 71 TM_APPEXPR

I'kmele:m

ky7:k
Iz"hkme:o Tar Lanl
M_LAMID
I'kmXz7.e:7— 0
I"=T,a"
I' g Kk ok
IMkme:T Tar LaneT
M_LAMTY
I'km Aaf.e - Var. 1
I'kme:o
'y ok
Py 752 ‘
T, 290 by alt; - 7"
TM_CASE

I' ky, caseeas z° returntofalt; : 7

Thov:m~yT2

TM_COERCIONNOM

Phmy:imi~m

(=



Nkoy:mi~gT
«© R TM_COERCIONREP

I hm vy (~rg) K71 T2

e Some explication of TM_LETREC is helpful: The idea behind the second premise (I',I"; Ky o} : k; l)
is that we wish to check each substituted type o) in a context containing all the types that come
before it in the list of bindings. The I'; are contexts containing the names and kinds of all type
variables (and term variables, for that matter) up to the ith binding. This logic is extracted from
coreSyn/CoreLint.lhs:1intAndScopeIds.

e There is one more case for I' ik, e : 7, for type expressions. This is included in the GHC code but is
elided here because the case is never used in practice. Type expressions can only appear in arguments
to functions, and these are handled in TM_APPTYPE.

e The GHC source code checks all arguments in an application expression all at once using coreSyn/CoreSyn.lhs:collectAr
and coreSyn/CoreLint.lhs:1intCoreArgs. The operation has been unfolded for presentation here.

e If a tick contains breakpoints, the GHC source performs additional (scoping) checks.

e The rule for case statements also checks to make sure that the alternatives in the case are well-formed
with respect to the invariants listed above. These invariants do not affect the type or evaluation of the
expression, so the check is omitted here.

e The GHC source code for TM_VAR contains checks for a dead id and for one-tuples. These checks are
omitted here.

4.4 Kinding

Kinding, coreSyn/CoreLint.lhs:1intType

2z el

—— TyY_TYVARTY
Ik 2f:k

F'T;yTlilil
Fl—tyTQZFLQ
T bpp (T2 1 K2) t K1~ K

Ty_AprrPTY
gy mim:k

'Ry 711 k1
Fl—tyTQZHQ

'k — :
- M n2 R Ty_FunTy

'y —m:k

= (isUnLiftedTyCon T') v length 75 * = tyConArity T
I Rpp ml :tyConKind T ~~ &

— Ty_TyCoNAPP
Pk T7':k




F|‘RI€1 ok
[ 2M gy 7t ke

Ty _FOrRALLTY
'Ry VzR1.7 0 ko

r l_tylit lit:

Ty_LitTYy
Phylit: s T

4.5 Kind validity

Kind validity, coreSyn/CoreLint.lhs:1intKind

Thyr:0

K_B
I'H Kk ok ox

4.6 Coercion typing

In the coercion typing judgment, the # marks are left off the equality operators to reduce clutter. This is
not actually inconsistent, because the GHC function that implements this check, 1lintCoercion, actually
returns four separate values (the kind, the two types, and the role), not a type with head (~4) or (~rx).
Note that the difference between these two forms of equality is interpreted in the rules Co_CoVARCONOM
and Co_COVARCOREPR.

oy i~ T2 ‘ Coercion typing, coreSyn/CoreLint.lhs:1intCoercion

Pky7:k
Dho (1), t7~8T

K
p p

CO_REFL

Fhomior~ptm
I'ore o2~y
'k, k1 = ko K

Co_TyCoNAPPCOFUNTY
[heo (=)hy1i72: (01 = 02) ~5(T1 — T2)

T # (=) _
D= take(length%l,tyConRolesXp T)

I'ie %:owﬁf_n
I' bpp (04 m)Z : tyConKind T ~ &

— — — Co_TyConArrCoO
r |_co ];)")/17' : TUiZNZ TTiZ

10



omiioi~pim
. K
IMNkov2 100~ T2

I bpp (02 K2) : K1~ K

Co_ArprCo
[ Feo 7172 1 (01 02) ~5(71 72)

. K
Fhomior~p! T

. K
Mo y2:00~p? 12

I hpp (02 : K2) 1 K1~ K

Co_ArPCOPHANTOM
[ 7172 1 (01 02) ~5(7T1 T2)

r '_k K1 ok
P ozfbkeyio~p2T
Ik Va2t ry s (Vzrio) ~p2 (VzrT)

Co_ForALLCO

ATET e
5 Co_CoVarCoBox
T ko 277

REE R
N

20~%7) e
k0

Tho 27 %7 tonpT

Co_CoVarCoNoM

20~ € T
Kk #0

— Co_CoVARCOREPR
[ b 207~k T) O~RT

Fkym:k
Co_UnivCo
o bpT2:imi~pT2
lkoy:m~5T
TR 66 SymCo

I'ieo symy : o~y

. K
Phomiminpm

SACMCARE ~p T Co_TransCo

Phori§re i~ Ts

Dho v (T557) ~5(T77)

lengtho; 7 = length ;7

1 < length Fjj

I'kyoi:n

P = (tyConRolesX p T)[i]
T' o nth;v: 0oy N';, Ti

Co_NTHCO

11



T ko 7 : (01 02) ~f (11 72)
I'kyor:k
Co_LRCOLEFT

'z lefty oy ~§ 7

Theo v : (01 02) ~f (T172)

I'kyoo:k
Co_LRCORIGHT

I' ko righty : 09 ~§ T2

'y :Vm.o N’; Vn.r
I l—ty T0 - Ko

m = 2™

Ko <: K1

Co_InsTCo
I'ko y70 : o[m — 70) ~r T[n — 79]

C = T,, axBranchy, g
0 < ind < length axBranchy, b

Vg, (150~ 1) = ((azBranchy, g )[ind]

I feo 7t 0~ 7]

subst; " = inits ([n; — o] ’ )

K} <t subst;(k;) '

no_conflict(C, o257 , ind, ind — 1)
-

—
025 =015 [n; = o}
To =71 [Ny — T{]Z

'y m:k
Co_AxiomINsTCO

[ Cind™; " : Tog 7~ 7

Noy:o~NT

Co_SuBCo
I'kosuby:o~gT

=M
F '_ty Ti + R

J
RI
. J !
I'o v 2 0 ~p] o}

Just ({,74) = coaxrProves u7; * (0, UJ/-)]

I'ky 1 : Ko
I'ky 1 Ko
T = 77 - oo 7 Co_AxioMRULECO
co WTi i~ 2Ty~ pr T

12



In Co_Ax10MINSTCO, the use of inits creates substitutions from the first ¢ mappings in [n; — o;] "

has the effect of folding the substitution over the kinds for kind-checking.

This

See Section 4.15 for more information about tyConRolesX, and see Section ?7 for more information about

coaxrProves.

4.7 Name consistency

There are two very similar checks for names, one declared as a local function:

'k n ok

Name consistency check, coreSyn/CoreLint.lhs:1intSingleBinding#lintBinder

'y 7:K

——— NaME_ID
I'k 27 ok

——— NAME_TYVA
TF o ok ME_TYVAR

Binding consistency, coreSyn/CoreLint.lhs:1intBinder

gy 7:k

——————  BINDING_ID
I g 27 ok

'k k ok

——  BINDING_TYVAR
I Fpng F ok

4.8 Substitution consistency

‘F Feubst . — T ok‘ Substitution consistency, coreSyn/CoreLint.lhs:checkTyKind

I' k k ok

SuBsT_KIND
T kbt 22— K ok

Iil#m
Iy 7 kK2
Ko <! K1

SuBsST_TYPE
T Rupst 271 — T ok

13



4.9 Case alternative consistency

T;0 ki alt : 7| Case alternative consistency, coreSyn/CoreLint.lhs:1intCoreAlt

I'kme:r

ALT_DEFAULT
iobkwe —e:T

o = literal Typellit
I'kme:T

Fiohelit we: 7 ALT-LITALT
T = dataConTyCon K
— (isNewTyCon T')
71 = dataConRepType K
7 =7n{0;7 }
T Fpng m; ok’
I'=T, @;°
I’ Faitbnd 77 * 2 T2 ~ T'o57
IMme:T

ALT_DATAALT

F;Tafjjl—ahKnTi%e:T

4.10 Telescope substitution

Telescope substitution, types/Type.lhs:applyTys

ArPLYTYS_EMPTY

=0

o =l
" =7'[n+— o]

" = (Yn.7){o, 77"}

ArPPLYTYS_TY

4.11 Case alternative binding consistency

‘ I" Ritbnd vars : 71 ~> 7o Case alternative binding consistency, coreSyn/CoreLint.lhs:1intAltBinders

ALTBINDERS_EMPTY

I'Hitpnd -7~ 7

r I_subst ﬁﬁl — o’ ok
T Fitbnd 757 2 7[5 ] ~ o
I Bitond @, 15"+ (VB¥'.7) ~ 0

ALTBINDERS_-TYVAR

14



I Bitnd M " T2~ 0
— ALTBINDERS_ID
I Bitbnd 2™, 73" 2 (11 = T2) ~ 0

4.12 Arrow kinding

‘I‘ F, k1 — Ko Ii‘ Arrow kinding, coreSyn/CoreLint.lhs:1intArrow

ARrROW_BOX

' 0O — ke : O

k1 € {*,#,Constraint }
ke € {x,#,Constraint }

I, k1 — Ko o %

ARROW_KIND

4.13 Type application kinding

T pp (04 : m)l : k1 ~ ko | Type application kinding, coreSyn/CoreLint.lhs:1int_app

- AprP_EMPTY
Mhpp -t 6~ K

k<! K1
T hpp ( ) /
Ty Ki) Ko~ K
b Lt ApPP_FUNTY

T bpp (T 1K), (T3¢ /@i)z (K1 — Ko) ~ K

K <: K1 )
T bpp (72 2 Fa) ¢ Kalz™ = 7]~ K/
pp (T ) 2l 7l AprP_FORALLTY

I bpp (T:K), (15 : m-)i 2 (V2hR1.kg) ~> K/

4.14 Sub-kinding

Sub-kinding, types/Kind.lhs:isSubKind

SUBKIND_REFL

K< K

15



—————  SUBKIND_UNLIFTEDTYPEKIND
# <: OpenKind

m SUBKIND_LIFTEDTYPEKIND

SUBKIND_CONSTRAINT

Constraint <: OpenKind

——————  SUBKIND_CONSTRAINTLIFTED
Constraint <: *

—————  SuBKIND_LIFTEDCONSTRAINT
* <: Constraint

4.15 Roles

During type-checking, role inference is carried out, assigning roles to the arguments of every type constructor.
The function tyConRoles extracts these roles. Also used in other judgments is tyConRolesX, which is the same
as tyConRoles, but with an arbitrary number of N at the end, to account for potential oversaturation.

The checks encoded in the following judgments are run from typecheck/TcTyClsDecls.lhs:checkValidTyCon
when -dcore-1lint is set.

validRoles T'|  Type constructor role validity, typecheck/TcTyClsDecls.lhs:checkValidRoles

Kl = tyConDataCons T

p;? = tyConRoles T

validDcRoles p; 7 K;
validRoles T'

Cvr_DATACONS

validDcRolesp, ® K| Data constructor role validity, typecheck/TcTyClsDecls.lhs:check_dc_roles

Vg @ Vg b 7o ¢ — T g ® = dataConRepType K

_ b
Mg« Paymy N ey 70 0 R

CDR_ARGS
validDcRoles p, ¢ K PR-AR

In the following judgment, the role p is an input, not an output. The metavariable 2 denotes a role context,
as shown here:

Q = Mapping from type variables to roles

16



| 7pit List of bindings
Qb 7:p| Type role validity, typecheck/TcTyClsDecls.lhs:check ty_roles

Q(n) = p/
rsp CTR_TYVART
—_— TR_1YVARLY
Qken:p

pi " = tyConRoles T }
pi € {INR} = Qbqmiipi
Q R T?ii :R

CTR_TYCONAPPREP

%

Ql_ctrTi:N

—————  Ctr_.TYCoNAPPNOM
Qb T7 7N

Ql_ctrTl:p
Qb 2N

—————— Ctr_APPTY
Qe mim:p

Qb m1:p

Q by T2
2P CTR_FUNTY

Qe —=T2:p

Qn:Nbey7:p
Qbky Vnr:p

CTR_FORALLTY

_ _LitT
Qo Tt p CTr_LITTY

These judgments depend on a sub-role relation:

Sub-role relation, types/Coercion.lhs:1tRole

RrT_NOMINAL

N<p
RLT_PHANTOM
p<P
——  RLT_REFL
psp

17



4.16 Branched axiom conflict checking

The following judgment is used within CoO_AXIOMINSTCO to make sure that a type family application cannot
unify with any previous branch in the axiom. The actual code scans through only those branches that are
flagged as incompatible. These branches are stored directly in the azBranch. However, it is cleaner in this
presentation to simply check for compatibility here.
. . . Branched axiom conflict checking, types/OptCoercion.lhs:checkAxInstCo
~j J
no_conflict(C', 757, inds, indy) and types/FamlInstEnv.lhs:compatibleBranches

- — NoCONFLICT_NOBRANCH
no_conflict(C, &; * , ind, —1)

C = T, azBranch; "
Vit (759~ 1) = (azBranchy " )|indy)
apart (o;7,757)

no_conflict(C, @57 , indy, indy — 1)
NOCONFLICT_INCOMPAT

no_conflict(C, ;7 , indy, inds)

C = T, axBranchy, b

VT, 1 (7‘77 ~ o) = ((azBranchy, F )[ind]

V@Z (7'73 ~ ¢') = (axBranchy, i )[inda]
apart (77, 77°)
no_conflict(C, 577 , indy, indy — 1

(C, 07 indy, ind; — 1) NOCONFLICT_-COMPATAPART

no_conflict(C, 757 , indy, inds)

C = T, azBranch; "

Vi (757~ o) = (axBranchy, " )ind;]
gy ' (717~ 0") = (awBranchy " )[inds)
unify(?jj , ?;j ) = subst

subst(o) = subst(o’)

no_conflict(C, ;7 , indy, inds)

NOCONFLICT_-COMPATCOINCIDENT

The judgment apart checks to see whether two lists of types are surely apart. apart(7; %, 7; "), where 7;
is a list of types and ;" is a list of type patterns (as in a type family equation), first flattens the 7;
using types/FamlInstEnv.lhs:flattenTys and then checks to see if types/Unify.lhs:tcUnifyTysFG returns
SurelyApart. Flattening takes all type family applications and replaces them with fresh variables, taking
care to map identical type family applications to the same fresh variable.

The algorithm unify is implemented in types/Unify.lhs:tcUnifyTys. It performs a standard unification,
returning a substitution upon success.
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5 Operational semantics

5.1 Disclaimer

GHC does not implement an operational semantics in any concrete form. Most of the rules below are implied
by algorithms in, for example, the simplifier and optimizer. Yet, there is no one place in GHC that states
these rules, analogously to CoreLint.lhs. Nevertheless, these rules are included in this document to help
the reader understand System FC.

5.2 The context X

We use a context X to keep track of the values of variables in a (mutually) recursive group. Its definition is

as follows:
Y o= | X [nee

The presence of the context X is solely to deal with recursion. If your use of FC does not require modeling
recursion, you will not need to track X.

5.3 Operational semantics rules

/

Yhpe—e Single step semantics

Y(n)=ce

— S_Va
Yhpn—e "

Yhop e1 — €

S_App
Yhpeiea— el e

S_BETA

Y (An.e1) e2 — e1 [n — e

Yo = sym (ntho 7)
Y1 = nth1 Y
—drst.ea=71
— 3y st e =7

S_PusH
Y hp (An.er)>v) ea — (An.e1 >y1) (e2>0)

S_TPusH

Yhop (An.e)py) T — (An.(e>yn)) T

~vo = nthy (nthg )
71 = sym (nthy (nthg 7))
Yo = nthy vy
Yhop (An.e)>y) 9" — (An.e>72) (Y057 $71)

S_CPUSsH
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S_LETNONREC
Yhpletn=eines — ex[n > ]

3, [nib—>ei]l}—opu—>u’

. . S_LETREC
Y p letrecm; =¢;"inu — letrecn; = ¢;"in v/

folu)Nm; b = -

— S_LETRECRETURN
Yiep letrecn; =¢;"inu — u

Yhpe—¢
— - S_CASE
Y p case easnreturnTof alt; — case ¢’ as nreturnr of alt;

R A
alt; = K o™ " 1.7 S

b
u =uln— el|ap ™ — op] [T ec]c

b

S_MATCHDATA

—a ___ . —1
Y hkpcase K7, o0y, e.“asnreturntofalt;, — v/

alt; =lit = u
— S_MATCHLIT
Y kp caselitas nreturntof alt;, — u[n — lit]

alty =_ = u

no other case matches
7 S_MATCHDEFAULT
Y kp case casnreturnrtofalt;, — un — €

T7"~ TEG = coercionKind ~y

7/b -
Yoo " VB F1.¢ — Tagr " = dataConRepType K
C

a

el = e (11 o[eas = nthy ] [B™ — (o3)y] )

I —1 —a__}—cC —
Y p case (KTaaobbecc)bfyasnreturnTgofalti — case K 7/, Jbbeg as nreturn 7, of alt;

Yhpe— ¢
S_CAsT

Yhpebpy— ey

li
Yhpe—re

S_Tick
Y Fop efticky — € {tick}
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5.4 Notes

e The S_LETREC and S_.LETRECRETURN rules implement recursion. S_LETREC adds to the context 3
bindings for all of the mutually recursive equations. Then, after perhaps many steps, when the body
of the let rec contains no variables that are bound in the let rec, the context is popped.

e In the case rules, a constructor K is written taking three lists of arguments: two lists of types and a
list of terms. The types passed in are the universally and, respectively, existentially quantified type
variables to the constructor. The terms are the regular term arguments stored in an algebraic datatype.
Coercions (say, in a GADT) are considered term arguments.

e The rule S_.CASEPUSH is the most complex rule.

The logic in this rule is implemented in coreSyn/CoreSubst.lhs:exprIsConApp maybe.

The coercionKind function (types/Coercion.lhs:coercionKind) extracts the two types (and their
kind) from a coercion. It does not require a typing context, as it does not check the coercion, just
extracts its types.

The dataConRepType function (basicTypes/DataCon.lhs:dataConRepType) extracts the full type
of a data constructor. Following the notation for constructor expressions, the parameters to the
constructor are broken into three groups: universally quantified types, existentially quantified
types, and terms.

The substitutions in the last premise to the rule are unusual: they replace type variables with co-
ercions. This substitution is called lifting and is implemented in types/Coercion.lhs:1iftCoSubst.
The notation is essentially a pun on the fact that types and coercions have such similar structure.

Note that the types 73 °—the existentially quantified types—do not change during this step.
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